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2general densities on the branes they should both move in
such a way that the hierarchy is maintained. In section
IV we show how the presence of the Goldberger-Wise
mechanism alters the picture. In addition to xing the
geodesic distance between the branes, the GW scalar eld
introduces small time-dependent corrections to the bulk
metric which communicate the eld content of each brane
to the other. These features can be seen explicitly since
the GW eld can be treated as a small perturbation to
the AdS background. We then consider an AdSS metric
which contains a horizon and nd that the leading correc-
tion to the purely AdS cosmology is suppressed compared
with the corresponding result with only one brane [3, 4].
Section V contains our conclusions.
II. RS1 IN ADSS COORDINATES
Birkho's theorem in ve dimensions tells us that the
most general spherically symmetric solution to the Ein-
















where r is the bulk coordinate, d
2
k
is the line element
for the xed r 3-spatial hypersurfaces, which are homoge-
neous and isotropic, and k = 0;1 is the 3-spatial curva-
ture parameter. Writing the bulk cosmological constant
as  =  6=l
2











where l is the AdS radius of curvature and  is propor-
tional to the mass of the black hole in AdS [16]. In the
RS2 picture this interpretation can be made exact since
there are asymptotic regions in r; in RS1, the compact-
ness in the r direction prevents such a direct interpreta-
tion. However, for non-zero , the solutions have hori-



















In the RS2 case there is an explicit coordinate transfor-
mation [17, 18] that maps the above space-time to the
cosmological metric for RS2 as written in ref. [9].
A. Geodesic Inter-brane Separation
The rst question we need to ask is: where is the radion
mode? It certainly is not explicitly present in eq. (2.1),
in sharp contrast to what happens when the RS1 scenario
is worked out in Gaussian normal coordinates [9, 14, 19].
We can nd this mode by realizing that it is supposed to
describe the inter-brane separation. Given eq. (2.1), we
can calculate this explicitly, by computing the geodesic
distance between points on the two branes.








































so that the brane at R
1
will be the
TeV or IR brane while the brane at R
0
is the Planck
or UV brane. The symmetry of the bulk metric allows
us to consider a geodesic between these branes that only
propagates in the t and r directions:
X
a
() = (t(); r(); 0; 0; 0) ; (2.5)
where  is the aÆne parameter on the geodesic and we
take  = 0; 1 to correspond to the positions of the UV
and IR brane respectively.








































In the sequel, we shall frequently take k = 0, i.e. we take
the xed r hypersurfaces to have at 3-spatial sections.


























We have scaled all the dimensionful parameters by the
AdS radius of curvature l so that
~
L and " are dimension-
less.
We can solve this set of equations and then impose the
boundary conditions from eq. (2.4). However, we can
save some time by noting that the relevant distance is
the one measured at the same bulk time on both branes.
This means that the geodesic we want is the one for which
~




































. The equation for r() in eq. (2.7) shows that, with
~









































In particular, in the ! 0 (r
h
! 0) limit, we nd:













B. Hierarchy of Scales in AdSS Coordinates
We now ask how we see the fact that the separation
between the branes gives rise to a hierarchy of mass scales
between the branes.


































. If we now ask what sets the scale
on each brane, the fact that the branes (at least at a
given instant of bulk time) are located at a xed value
of r allows us to set r = R; dr = 0 which tells us that
the relation between distance measurements on the two






. As we saw above, this
is just e
 2s=l
, which is exactly the standard RS result
[1].
The  6= 0 case contains some extra subtleties. In this



































At xed r this metric will be not take the Minkowski
form. This makes the comparison between branes some-
what less obvious, but we can ask how distance scales on
each brane compare in the case where all quantities are







that sets the relative scales between the branes.
It is important to note that this is not related to the
inter-brane separation in any simple way as can be seen
from eq. (2.10).
This last point makes the issue of stabilization of the
hierarchy somewhat murkier in this formalism. For the
no-horizon case, stabilizing the inter-brane distance sta-
bilizes the hierarchy; with a horizon, there are two vari-






as well as one
of the positions R
0











, we recover the no-horizon results.
III. RS1 COSMOLOGY WITH AN ADSS BULK
The gravitational action for the RS1 scenario will be
taken as the sum of the bulk Einstein-Hilbert action with












 g [ 2 +R] ; (3.1)




































































A subscript 0 (1) refers to the UV (IR) brane. Here G
5







the determinant of the induced metric, the trace of the
extrinsic curvature and brane surface tension respectively
for the appropriate brane. If we dene a unit normal





then the induced metric and the extrinsic curvature are





































The eld content on each is summarized by L
0;1
; we shall
generally study the case where the elds on each brane
produce the energy momentum tensor of a perfect uid.
Following [3, 4], we allow the positions of the branes
within the bulk to evolve so as to give rise to cosmological
4evolution on each brane. The position of the brane in the
direction transverse to the brane, given in eq. (2.4), will
be related to the cosmological scale factor on the given
















; 0; 0; 0

; (3.4)
where the dot denotes a derivative with respect to the



























































































where ,  run over brane coordinates. At the UV brane,















































The signs that appear in the denition of the normal
and consequently in the extrinsic curvature, determine
how the space is sliced. We shall use the upper sign in





). The form of the extrinsic curvature at the IR
brane is exactly the same, once we replace the subscripts,
except that the lower signs should be used to retain the









be the pressure and density of the perfect
















The Israel condition [7] relating the discontinuity in





































We shall assume that the two 3-branes reside at the xed




orbifold so that the jump in the extrin-








. Although eq. (3.9)
appears to yield two constraints from the temporal and






















































The main advantage of letting the brane positions
within the bulk evolve in time is that the bulk metric
is unaected by the behavior of the branes other than
by their specifying which slice of the AdS-Schwarzschild


















































The sign change corresponds to the fact that the normals
of the two branes have the opposite orientations. As
in ref. [3], the evolution on the UV brane approaches
a standard Robertson-Walker cosmology when we make
the ne tuning 
0
= 6=l required in the original RS1
scenario and consider the limitR
0
 l. On the IR brane,
after squaring both sides of eq. (3.13), we see that we also
need to impose 
1
= 6=l in order for the large terms in
the R
1

















































In fact, we must choose 
1
=  6=l so as to satisfy the
Israel condition, eq. (3.13), which in turn, leads to a uni-
verse in which the energy density 
1
must be negative to


































If the inter-brane separation is kept xed at z in the
original Gaussian normal coordinates of the RS model
without a stabilization mechanism at play, then it was









How does this constraint emerge from the AdSS bulk co-
ordinate approach? In order to compare with ref. [9] we





= 6=l. Now assume that the geodesic dis-

























































































































+    ; (3.18)
where the brane tensions satisfy the ne-tuning condi-
tion and we assume that the energy densities are small








IV. ADSS COSMOLOGY WITH A
STABILIZATION MECHANISM
When the bulk space-time only contains a cosmolog-
ical constant, Birkho's theorem allows us to write the
metric in the conventional, time-independent form given
in eq. (2.1). The motion of the branes through this bulk
depends on the local environment of the branes, as ex-
pressed by the Israel junction condition, so that with-
out any means of interacting each brane evolves inde-
pendently. However, the existence of a xed hierarchy
requires that the motions of the branes must be carefully
correlated. From this perspective then, the appearance of
an unphysical energy density is not altogether surprising.
We have simply imposed a constraint upon two indepen-
dently moving branes without any mechanism to enforce
it.
To evade Birkho's theorem, the mechanism that sta-
bilizes the hierarchy must distort the background away
from a pure AdSS space-time. These distortions will then
appear in the extrinsic curvature term of the Israel equa-
tion which thus allows the motions of the branes to be
naturally correlated with real, positive, independent den-
sities on each brane. Because of this correlated motion of
the branes, we generally expect that the cosmology ob-
served on either of the branes now should depend on the
eld content of both, as was seen in [9]. Note that this
distortion can be small compared with the scale of the
bulk cosmological constant|thus allowing a perturbative
treatment|since the terms that yielded an FRW cosmol-
ogy on the branes were subleading and only became im-
portant once the tension was nely tuned to cancel the
leading bulk eect.
The Goldberger-Wise stabilization mechanism [14]
adds a free massive scalar eld to the bulk with a po-



















































































to simplify the form of some of the later equa-
tions. Varying the total action produces the usual Ein-
















 = 0; (4.2)




















































are the energy-momentum tensors associated
with the elds conned to the brane and with  respec-
tively.
The presence of the scalar eld alters the bulk geom-
etry, but in the limit where it is small compared to the
cosmological constant, ml  1, we can treat its eect as
a perturbation to the AdSS background,
ds
2


















where throughout this section we set k = 0. In this
metric we have still assumed that the three large spatial
dimensions are isotropic. Since the scalar eld is respon-




will be of the
same order as T
ab
.





) is associated with the scale factor of an FRW
universe while l is naturally of the order of the Planck
length. Therefore, for an acceptable cosmology, we can
assume that l=r  1 throughout the bulk. In this limit
the form of the metric naturally suppresses terms with
time derivatives relative to those with r derivatives. This
feature greatly simplies the analysis of the back-reaction
of the scalar eld on the bulk geometry since eq. (4.2)





and . This behavior can be seen, for example, by
considering T
tt




































. If neither brane is near the black hole







relative to the time derivative
term. The same feature appears in the Einstein equa-
tions eq. (4.2). Thus, as long as the time derivatives are
not excessively large, as we shall later show, the bulk eld
equations only constrain the radial dependence.






, and substituting in the zeroth order solution for







































































































 = 0 (4.7)
from the scalar eld equation (4.2). The Bianchi iden-
tity relates these equations so that, for example, the last
equation in (4.6) is not independent.
A. A Stabilized AdS Cosmology
For a purely AdS space, i.e.  = 0, and in the limit
that we suppress the contributions of time derivatives,





















Substituting this solution into eq. (4.6) and solving for


































The functions a(t), b(t), c(t), and d(t) are constants of
integration with respect to the r derivatives and are only















The scalar eld must satisfy the jump conditions de-
scribed by eq. (4.3). However, if as in [14] we assume





! 1, then the scalar eld value is forced to the


































Now, we saw in section II that the stabilized hierarchy in
these coordinates corresponds to xing the geodesic dis-































































when evaluated at either brane. This result is exactly






When the scalar eld satises eq. (4.12), the scalar po-
tentials vanish and the only contribution to the energy-
momentum tensor on the branes is due to the elds con-
ned to the branes which we take to be a perfect uid
stress tensor, as in eq. (3.8). For uids satisfying the con-
servation law of eq. (3.11), we only need to solve for the
ij component since the  component of the Israel con-
dition is does not give rise to an independent constraint.
Retaining only the corrections linear in the perturbations











































































At the IR brane, since we have dierent signs from the














































The small change in the bulk background produced by
the Goldberger-Wise eld will in general require a corre-
sponding shift in the usual choice of the brane tensions
to cancel the cosmological constant in the eective cos-



























Substituting these into (4.15) and (4.16) and using our


























































































+    : (4.18)
Since we wish to establish that the leading behavior mim-
ics a FRW cosmology, we have neglected O(ml) correc-
tions in (4.18) by setting  = 2.
The nal function c(t) is determined on the branes by
the requirement that the hierarchy should be stabilized.
As in [14], we can determine the preferred separation be-





by integrating the scalar action over the radial dimension

















































Substituting eq. (4.8) into eq. (4.19) and integrating
over a constant time hypersurface so that we can use























































































) constant to the right





= 0, thus keeping the R
4
0
coeÆcient in eq. (4.20)
from driving R
0
! 0 or R
0
!1.
Once the relative brane separation has settled to the
value determined by eq. (4.22), the motion of the branes



















In the absence of a stabilizing mechanism, this condition
was arbitrarily imposed as a constraint on the two brane
system which required a negative energy density on one
of the branes. We now see that eq. (4.23) arises as a
natural consequence of minimizing the radion eective
potential and instead of constraining the eld densities
on the branes, it xes the remaining integration function



































































When eq. (4.24) is substituted into the equation for the
evolution of the IR brane, the leading 
1
term cancels the
density term in (4.18) with the undesired sign. The next
to leading term in 
1
, where the expansion is in powers
































































+    :
Choosing the tensions such that the second term van-
ishes, we see that the presence of a stabilized radion has






















+    : (4.26)
The xed hierarchy implies that the equation for the evo-























+    : (4.27)
We might have navely expected that once the hierar-
chy between the two brane system is stabilized, the cos-
mological evolution should depend on the eld content
of both branes, weighted by possible exponential factors.
The approach where the brane cosmology arises from the
motion of the branes through a nearly static bulk explic-
itly shows the origin of this dependence. By distorting
the bulk from pure anti-de Sitter space, the scalar eld
both communicates the energy density from one brane to
the other as in eq. (4.24) and cancels the unphysical term
in the IR brane motion. As noted in [9], the presence of
matter on the UV brane can easily overwhelm the eect
of matter on the IR brane and so drive the cosmology un-
less it is exponentially smaller than that of the IR brane.
Also, eq. (4.26) suggests that we should dene the eec-











this result also agrees with the eective Newton constant
appropriate for two masses conned to the IR brane, as
derived in [9].
We can also discuss some of the corrections to eq. (4.26)
which would allow us to distinguish a brane-induced
8cosmology from a standard FRW cosmology. As in
eq. (3.15), the presence of 
2
1
eects reects a general
feature of brane-induced cosmologies. To nd the de-
tailed form of such corrections would require solving the
equations of motion to second order in the metric per-
turbations since, from eqs. (4.24,4.10), 
rr
has terms
that depend linearly on the eld densities of the branes.







, and can be eliminated by appropriately choosing
the brane tensions. If we do not ne-tune the brane ten-
sions, then the cosmology will contain a term resembling
an eective cosmological constant.
The solutions to the perturbed metric were found in
the limit in which the time derivatives are suppressed in
the equations of motion. We can determine when these
terms would be important, thus requiring that the full r
and t dependent equations be solved, by comparing the
typical size of of such terms in the solutions presented
above. For example, the scalar potentials in eq. (4.1)
hold the value of the eld constant at the branes so that












































As we saw earlier in eq. (4.5), the 
0
terms are enhanced

























































+    ; (4.31)
so that despite eq. (4.30), the rst term is still negligible
compared with the second.
B. A Stabilized AdSS Cosmology
The meaning of a stabilized hierarchy becomes less
clear when a black hole horizon is introduced into the
bulk metric, even if the horizon does not actually ap-
pear in the bulk. The parameter  in the anti-de Sitter-
Schwarzschild metric breaks the conformal atness of the
metric in the large 3 + 1-dimensions, which is needed to
dene an unambiguous hierarchy. Yet when this param-









 1 for R
1
 r  R
0
(4.32)
so that we can still neglect the time derivatives, the quan-
tity that sets the hierarchy and therefore must be xed by







to -dependent corrections. In fact, if these corrections
are to be larger than those due to the time derivatives
that we are neglecting, then the black hole mass should












Neglecting time derivatives again, the important terms
in the bulk Einstein equations eq. (4.6) and bulk scalar




















































































+    = 0: (4.35)
While we require ml > 0 in order to determine the
eect of the presence of the horizon on the Goldberger-
Wise mechanism, once the hierarchy has been stabilized,
O(ml) terms will be unimportant for the leading de-
scription of the brane cosmology. Setting ml ! 0 in
eqs. (4.34{4.35, yields the following leading behavior for
the scalar eld,













while for corrections to the background metric we nd,
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up to O(ml) terms.
Determining the boundary conditions as before and
retaining only the leading -dependent corrections yields
































































































as before and the eective New-
ton constant is dened in (4.28). Notice that unlike the
9scenario with a single brane [3, 4], where the leading














+    ; (4.40)
such a term, linear in , does not appear in the two brane
scenario. In the one brane scenario, such a term behaves,
with its R
 4
dependence, like a radiation uid but is
canceled here by the stabilization mechanism. Therefore,
the distance between the IR brane and the horizon can
be much smaller than in the single brane model and still
produce an acceptable cosmology, at least until terms
quadratic in 
0;1
and  become important.
V. CONCLUSIONS
There were two main points we wanted to make in
this work. The rst was that, while some of the fea-
tures of RS1 models are less obvious in the AdSS for-
mulation presented above, and despite the fact that the
bulk is static to leading order in this formulation, when
the black hole horizon vanishes, the brane cosmologies
have the same behavior here as in the Gaussian normal
formulation. This was not a priori obvious, especially
because the bulk geometry appears quite dierent in the
two dierent formulations.
The second point was that introducing a horizon into
the geometry can modify the cosmological behavior on
the IR brane. While we were only able to see this in a
perturbative expansion in r
h
=r, we were able to see that
the stabilization mechanism cancels the leading eect so
that the \dark radiation" contribution that generically
appears in the one brane scenario is absent her.
It would be interesting to go beyond a perturbative
solution in the  6= 0 case; this is technically complicated
and may involve some conceptual issues such as how the
horizon aects the boundary conditions on bulk elds,
the GW scalar in particular. We hope to return to this
in a future publication.
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